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Abstract
In this article, a short combinatorial proof of the Capelli identity is
given. It also leads to an easy proof of the Capelli-Cauchy-Binet identity,
a more general form of Capelli identity.
1 Introduction
Let {xij : 1 ≤ i, j ≤ n} be a set of indeterminants. Denote
Dij =
n∑
k=1
xik
∂
∂xjk
.
The classical Capelli identity claimed
∣∣∣∣∣∣∣∣∣
D11 + (n− 1) D12 · · · D1n
D21 D22 + (n− 2) · · · D2n
...
...
. . .
...
Dn1 Dn2 · · · Dnn
∣∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣
x11 · · · x1n
...
. . .
...
xn1 · · · xnn
∣∣∣∣∣∣∣·
∣∣∣∣∣∣∣∣∣∣
∂
∂x11
· · ·
∂
∂x1n
...
. . .
...
∂
∂xn1
· · ·
∂
∂xnn
∣∣∣∣∣∣∣∣∣∣
.
The noncommutative determinant is expanded from left to right, say the left
hand side is ∑
σ∈Sn
(−1)σAσ(1)1 · · ·Aσ(n)n, Aij = Dij + δij(n− i).
The Capelli’s identity was introduced more than one century ago [1]. It
turned out to be a useful tool in representation theory, see for example [4]
appendix F for a glance. It has several different proofs, including a combina-
torial one, like [3]. Different level of generalizations of it also vary, for example
[2] where much more general results about noncommutative determinants are
established.
The idea is to generalize determinant to noncommutative case, or more
specifically, the ring of differential operators. In this article, a new proof through
an algorithm is given. The main method is by constructing a bijection between
1
monomials and a certain set of configurations. In some sense, the proof is just
to cleverly count the correction to be commutative. We can use the algorithm
to get the Capelli-Cauchy-Binet identity. I am not sure whether the similar
method can be used to prove Turnbull’s identity, or Howe-Umeda-Kostant-Sahi
identity.
2 The algorithm
We call (σ, ϕ) a Capelli’s configuration
• a permutation σ ∈ Sn;
• assign each i with σ(i) = i a number ϕ(i) ∈ {1, · · · , i}.
This can be illustrated by a diagram, for example,

σ = (12583),
ϕ(4) = 3,
ϕ(6) = 6,
ϕ(7) = 4;
: 1
''
2
!!
3cc 4
oo 5
!!
6

7aa 8`` .
Let 0 ≤ m ≤ n. Denote Cm all Capelli configurations (σ, ϕ) such that
σ(k) = k
ϕ(k) = k
}
=⇒ k ≥ m.
We also denote C = Cm+1, and note that
(σ, ϕ) ∈ C ⇐⇒ ϕ = σ|Fixσ.
Now, we define an algorithm
Λ : C1
Λ1
−→ · · ·
Λn−1
−→ Cn
Λn
−→ C.
also Λ = Λn ◦ · · · ◦ Λ1 for convention.
Let (σ, ϕ) ∈ Cm be a Capelli’s configuration. When σ(m) = m and ϕ(m) <
m, then output (σ′, ϕ′) such that
• σ′(ϕ(m)) = m, and σ′(m) = σ(ϕ(m)), and do not change other elements.
• ϕ′ is just restriction of ϕ on Fix σ \ {m}.
In other case, just output (σ, ϕ) itself.
For the example above, if when we run Λ4, we will get
1
''
2
!!
3
''
4aa 5
!!
6

7aa 8`` ,
2
and then run Λ7, we will get
1
''
2
!!
3
''
4
!!
5
!!
6 ZZ 7ee 8cc .
3 The construction
Let {yij : 1 ≤ i, j ≤ n} be another set of indeterminants commuting with xij ’s.
Denote for a permutation σ ∈ Sn
∆ij =
n∑
k=1
xikyjk.
If G is a polynomial in {xij}, and H in {yij}, and F (x, y) = G(x)H(y), define
F (∂) = G(xij)H
(
∂
∂yij
)
.
This extends to a linear map to all polynomial in {xij} ∪ {yij}. We will denote
for 0 ≤ m ≤ n, and a Capelli’s configuration (σ, ϕ)
∆(σ, ϕ,m) = ∆˜σ(n)n(∂) · · · ∆˜σ(m)m(∂) ·
(
∆˜σ(m−1),m−1 · · · ∆˜σ(1)1
)
(∂),
where
∆˜σ(i)i =
{
∆σ(i)i, if i 6= σ(i) or ϕ(i) = i,
1, otherwise.
Theorem 1 Under the notations above, for (σ, ϕ) ∈ Cm+1, we have
(−1)σ∆(σ, ϕ,m + 1) =
∑
Λm(σ′,ϕ′)=(σ,ϕ)
(−1)σ
′
∆(σ′, ϕ′,m).
Note that there are at most two of such (σ′, ϕ′). Firstly, (σ, ϕ) itself such
that Λm(σ, ϕ) = (σ, ϕ). By our algorithm, that some other (σ′, ϕ′) satisfies
Λm(σ′, ϕ′) = (σ, ϕ) only happens when σ−1(m) < m and σ′(σ−1(m)) = σ(m),
and ϕ′(m) = σ−1(m).
When σ−1(m) ≥ m, then xσ(m)km commutes with
∂
∂xiki
for all 1 ≤ i ≤ m−1,
so
∆(σ, ϕ,m + 1) = ∆(σ, ϕ,m).
3
When i = σ−1(m) < m, then
(· · · )
(
xσ(m)
∂
∂xmkm
)
·
(
xσ(1) · · ·xσ(m−1)
∂
∂x1
· · ·
∂
∂xm−1
)
= (· · · )
(
xσ(m)km · xσ(1) · · ·xσ(m−1) ·
∂
∂xm
·
∂
∂x1
· · ·
∂
∂xm
)
+(· · · )
(
xσ(m) · xσ(1) · · · x̂σ(i) · · ·xσ(m−1)
∂
∂x1k1
· · ·
∂
∂xm−1
)
,
= (· · · )
(
xσ(1) · · ·xσ(m−1) ·
∂
∂xm
xσ(m)km ·
∂
∂x1
· · ·
∂
∂xm
)
+(· · · )
(
· xσ(1) · · · xσ(i)︸︷︷︸
exchange to xσ(m)
· · ·xσ(m−1)
∂
∂x1k1
· · ·
∂
∂xm−1
)
.
That is,
∆(σ, ϕ,m) = ∆(σ, ϕ,m+ 1) + ∆(σ′, ϕ′,m),
where (σ′, ϕ′) the only other Capelli’s configuration. Clearly, σ′ differ from σ
by a swap.
Corollary 2 Under the notations above, for (σ, ϕ) ∈ C, we have
(−1)σ∆(σ, ϕ, n+ 1) =
∑
Λ(σ′,ϕ′)=(σ,ϕ)
(−1)σ
′
∆(σ′, ϕ′, 1).
Since when (σ, ϕ) ∈ C, ϕ provides no more information, if we sum over all
σ ∈ Sn both sides, we will get∑
σ∈Sn
(−1)σ∆(σ, ϕ, n + 1) =
∑
σ∈Sn
(−1)σ
(
∆σ(n)n · · ·∆σ(1)1
)
(∂)
=
∣∣∣∣∣∣∣
x11 · · · x1n
...
. . .
...
xn1 · · · xnn
∣∣∣∣∣∣∣ ·
∣∣∣∣∣∣∣∣∣∣
∂
∂x11
· · ·
∂
∂x11
...
. . .
...
∂
∂xn1
· · ·
∂
∂xnn
∣∣∣∣∣∣∣∣∣∣
equals to ∑
Capelli’s configuration (σ,ϕ)
(−1)σ∆(σ, ϕ, 1)
=
∑
σ∈Sn
(−1)σ(∆σ(n)n(∂) + δσ(n)n(n− 1)) · · · (∆σ(1)1(∂) + δ1σ(1)1)
=
∣∣∣∣∣∣∣∣∣
Dnn + (n− 1) Dn,n−1 · · · Dn1
Dn−1,n Dn−1,n−1 + 1 · · · Dn−1,1
...
...
. . .
...
D1n D1,n−1 · · · D11
∣∣∣∣∣∣∣∣∣
.
By an exchange of variables x1 ↔ xn, x2 ↔ xn−1, etc. we get Cappeli’s identity.
4
4 The Capelli-Cauchy-Binet identity
Note that, we can partially run the algorithm,
(−1)σ∆(σ, ϕ, n+ 1) =
∑
Λn···Λm+1(σ′,ϕ′)=(σ,ϕ)
(−1)σ
′
∆(σ′, ϕ′,m+ 1).
If we sum them up through out all σ fixed 1, . . . ,m, we will get the famous
Capelli-Cauchy-Binet identity. More exactly, for a Capelli configuration (σ, ϕ) ∈
Cm+1, it is more or less clear to see from our algorithm that
Λn · · ·Λm+1(σ) fix 1, . . . ,m ⇐⇒
σ itself fix them, and they do
not appear in the image of ϕ.
If we denote the configuration with these properties by Cm+1∗ , then the sum for
right hand side is∑
(σ′,ϕ′)∈Cm
∗
(−1)σ
′
∆(σ′, ϕ′,m)
=
∑
(σ,ϕ)∈Cm
∗
(−1)σ
′
∆˜σ(n)n(∂) · · · ∆˜σ(m),m(∂) ·
(
∆˜σ(m−1),m−1 · · · ∆˜σ(1)1
)
(∂)
=
∣∣∣∣∣∣∣∣∣
Dnn + (n−m) Dn,n−1 · · · Dn,m+1
Dn−1,n Dn−1,n−1 + 1 · · · Dn−1,m+1
...
...
. . .
...
Dm+1,n D1,n−1 · · · Dm+1,m+1
∣∣∣∣∣∣∣∣∣
·
(
∆˜σ(m)m · · · ∆˜σ(1)1
)
(∂).
The sum for left hand side is∑
σ fix 1, . . . ,m
∆(σ, ϕ, n + 1)
=
∑
σ fix 1, . . . ,m
(
∆σ(n)n · · ·∆σ(m+1),m+1∆mm · · ·∆11
)
(∂)
=
∑
σ fix 1, . . . ,m
(
∆σ(n)n · · ·∆σ(m+1),m+1
)
(∂) ·
(
∆mm · · ·∆11
)
(∂).
Then the classic Cauchy-Binet makes sure the following theorem.
Theorem 3 (Capelli-Cauchy-Binet identity) If m < n, then∣∣∣∣∣∣∣∣∣
D11 + (n−m) Dn,n−1 · · · D1m
D21 Dn−1,n−1 + 1 · · · D2m
...
...
. . .
...
Dmm D1,n−1 · · · Dmm
∣∣∣∣∣∣∣∣∣
=
∑
1≤i1<···<im≤n
∣∣∣∣∣∣∣
x1i1 · · · x1im
...
. . .
...
xmi1 · · · xmim
∣∣∣∣∣∣∣ ·
∣∣∣∣∣∣∣∣∣∣
∂
∂x1i1
· · ·
∂
∂x1im
...
. . .
...
∂
∂xmi1
· · ·
∂
∂xmim
∣∣∣∣∣∣∣∣∣∣
.
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